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Low Mach

» Isentropic Euler equations

1
pt +V-(pu)=0, (pu)t+V-(pu®u)+€—2Vp(p) =0
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» Isentropic Euler equations
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» Singular perturbed system of conservation laws
we + V- f(w) =0, e—0
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Low Mach

» Isentropic Euler equations

1
pt +V-(pu)=0, (pu)e +V - (pu® u) + ?Vp(p) =0

» Singular perturbed system of conservation laws
we + V- f(w) =0, e—0
» Eigenvalues of f/(w) - n
Ao =u-n, Ay =u-nt—=

» One slow wave ('convection’), two fast waves ('acoustics’).
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IMEX schemes

w+V-f(w)=0

*
[Klein 1994], [Degond, Tang 2008], [Haack, Jin, Liu 2012], [Noelle et al. 2014], [Kaiser et al. 2017] ...
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IMEX schemes

W+ V- (’f;(w) n E(W)) —0
> £(w) = F(w)+ £ (w)
» Ideal: £

. s .k
. = convection, f.(w) = acoustics .

y

*
[Klein 1994], [Degond, Tang 2008], [Haack, Jin, Liu 2012], [Noelle et al. 2014], [Kaiser et al. 2017] ...
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IMEX schemes

W+ V- (’f;(w) n E(W)) —0

> £(w) = F(w) + F(w).
» Ideal: . = convection, f.(w) = acoustics".
» Treat implicitly and explicitly :

Wn—i—l —wn

4V (’f;(W"“) + E(W")) ~0

*
[Klein 1994], [Degond, Tang 2008], [Haack, Jin, Liu 2012], [Noelle et al. 2014], [Kaiser et al. 2017] ...
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IMEX schemes

W+ V- (’f;(w) n E(W)) —0

> £(w) = F(w) + F(w).
> Ideal: 7 = convection, £.(w) = acoustics".

» Treat implicitly and explicitly :

n+l _ .n . .
% LV (fE(W”‘H) + fE(W”)> -0

» This talk: Time integration w/(t) = ®(w).

*
[Klein 1994], [Degond, Tang 2008], [Haack, Jin, Liu 2012], [Noelle et al. 2014], [Kaiser et al. 2017] ...
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IMEX schemes

» Higher order versions exist:

> IMEX-RK
» IMEX-BDF
> .
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IMEX schemes

» Higher order versions exist:

> IMEX-RK
» IMEX-BDF
> .

P Issues:

» Storage requirements?
Really high order extensions?
Stability?

Parallel capabilities?
Asymptotic
consistency/accuracy?
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Multiderivative approach

W/(t) = d(w)

» 'Classical’ methods: Use w’' = ®(w) only.

» Multiderivatives: Use

w" = d(w) = ' (w)d(w)

» Example: 3™-order Euler:

t2 . At ..

A
w' = w" + Atd(w") + Td)(wn) + —d(w").

6
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Advertisement

» Advantages:

» Storage efficient

» Easy construction of high order, stable methods
» Rather natural for PDEs

| 2
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Advertisement

» Advantages:

» Storage efficient

» Easy construction of high order, stable methods
» Rather natural for PDEs

| 2

But: How to construct stable MD-IMEX schemes?

7/22 UHASSELT




Outline

@ Predictor/corrector approach
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Preliminaries: An integral approximation

» Two-derivative integral approximation:

tnt+l

At?

_E n n+1 =20 (@ gantl 5
/tn d(e)dt = - (07 +07) + T (67— 71) 1o(Ar)

> Relatively old ideas".

*
[Stroud and Stancu, 1965 ]
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Preliminaries: Euler methods

» explicit Euler (first order):
W™t = w" + Atd(w")
» implicit Euler (first order):
Wl = w1 Atd(wm)
» IMEX Euler (first order):

Wn+1 =w"+ At (CDE(WH) + ¢|(Wn+1))
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Preliminaries: Euler methods

w'(t) = d(w) = de(w) + dy(w)
» explicit Euler (second order):

n+1 n n At2 H n
w'tt =w —&—Atd)(w)—&—TCD(W)

» implicit Euler (second order):

ae

wt = w4 Atd(w™) — 5

d)(WnJrl)
» IMEX Euler (second order):

W™t = w4+ At (Pe(w”) + & (W) + Ath (CbE(W”) — ¢|(W"+1))
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Overall method

1. Predict:
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Overall method

1. Predict:

2. Correct: (0 < k < kmax — 1)

wlhkt . — w4 At <<D|[k71] — <D|[k]> -

At?

2

<d>|[k+1] - q')l[k]> i
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Overall method

1. Predict:

2. Correct: (0 < k < kmax — 1)

N At? /. -
Wikt A <q)|[k 1] <DI[/<]> -5 <¢|[k+1] B (Dl[k]) i

3. Update: Set w™! ;= wlkmad,
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How does it work?

w001 wlo]
J !
WOl whill
J !
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» Different colors = different time intervals
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Consistency analysis

. . . X
» Classical consistency analysis :

|W(ﬂH4)—-W"+1|__ .
= —o (oA +o(n).
»

» Correction
| 4

*
[Schiitz and Seal, 2019]
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Consistency analysis

. . . X
» Classical consistency analysis :

|W(t"+1) _ V~Vn+1| B
At N

o

| 2

» Correction
| 4

» Given kmax > 2:

‘W(t”'H) _ Wn—i—l‘ _
At

*
[Schiitz and Seal, 2019]

-Atk>+0( ).

O (AtY).
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Consistency analysis (ctd.)

|W(t”+1) _ V~Vn+1| B
At N

» Tweaking possibilities:
>

» Correction,
>

o

-Atk)+(’)( ).
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Consistency analysis (ctd.)
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Consistency analysis (ctd.)
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Consistency analysis (ctd.)
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Consistency analysis (ctd.)

|W(t”+1) _ V~Vn+1| B
At N O(

» Tweaking possibilities:
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» Correction,
>
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@ Parallelism in time
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A time-parallel alternative

WOl sl . el
WOl sl . s el
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wOlknad > yLlknad > | > o lhmasd

» Different colors = different processes.

» Not equivalent to original method!
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Performance?
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e =1 (left) and ¢ = 10~ % (right)
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ue = ((1+ u2)ux)x + h(x, t),
u(x, 0) = sin (cos(4x) + sin(2x))
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ue = ((1+ u2)ux)X + h(x, t),
u(x,0) = sin (cos(4x) + sin(2x))
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ue = ((1+ u2)ux)X + h(x, t),
u(x,0) = sin (cos(4x) + sin(2x))
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Conclusion and outlook

» Typically: ®(w) is linear.
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Conclusion and outlook

» Typically: ®(w) is linear.

» Substitute

by (wl) ~ (W) (¢E(W") n ¢|(Wl°1))

v

Stability? Convergence?
Other higher-order methods?

v

» Error estimation through variable kmax?
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Conclusion and outlook

» Typically: ®(w) is linear.

» Substitute
by (wl) ~ (W) (¢E(W") n ¢|(Wl°1))

Stability? Convergence?
Other higher-order methods?

>
>
» Error estimation through variable kmax?
» Extension to low-Mach Navier-Stokes?
>
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Thank you!

Thank you for your attention!

>
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